I. INTRODUCTION
The fluid dynamics of the flow above a rotating disc has been a topic of extensive research for nearly a century. Other than its fundamental importance, the study of such flow is relevant for many engineering devices such as turbomachinery or computer storage devices and for many engineering applications such as spin-coating, lubrication and fabrication of computer memory. The pioneering paper 1 in this field was written by the great fluid dynamicist Theodore von Kármán. For steady, laminar, and incompressible flow of a Newtonian fluid, von Kármán had given a similarity solution considering infinite expanse of the fluid on either side of a rotating disc. The physical process through which von Kármán's steady flow field arises may be understood in the following way. Initially, the fluid is stationary everywhere. As the rotating disc imparts rotational motion to the quiescent fluid due to the no slip boundary condition, a boundary layer is developed near the rotating disc. Inside the boundary layer, the fluid is pumped radially outward due to the effect of centrifugal force. For this radial flow to sustain, the fluid flows axially towards the disc satisfying the equation of continuity. Therefore, the velocity vectors inside the boundary layer have tangential, radial, and axial components. The process of generating a steady radial efflux of the fluid is known as the free disc pumping effect. 2 After von Kármán, many researchers contributed in this field yielding various perspectives. A comprehensive review containing some major investigations (up to 1987) on the flow of a Newtonian fluid above a rotating disc is available in Ref. 3 . Some of the recent developments in this research-area can be found in Refs. [4] [5] [6] [7] [8] . The effects of externally supplied mass flux on the flow above a rotating disc can be found in Refs. [9] [10] [11] [12] . A description of the contribution of famous fluid dynamicists like Batchelor, 13 Ekman, 14 and Stewartson, 15 and, a good survey of related work on rotational boundary layer in Newtonian fluids are provided by Guha and Sengupta. 11 Researchers have also extended von Kármán's investigation to various non-Newtonian fluids. Berman and Pasch 16 experimentally investigated von Kármán's flow in a polymer solution. Acrivos et al., 17 Andersson et al., 18 Ming et al., 19 etc. investigated von Kármán's flow in a power-law fluid. Siddiqui et al. 20 studied von Kármán's flow in a Jeffrey fluid. Detailed studies on von Kármán's flow in a viscoelastic fluid can be found in Refs. [21] [22] [23] . However, the corresponding fluid dynamics in a viscoplastic fluid has not been studied to any great extent. The present work therefore aims to fill this gap by presenting a rigorous and thorough study of the von Kármán's swirling flow in an important category of viscoplastic fluid.
A viscoplastic fluid is a non-Newtonian fluid which evinces a threshold value of stress, known as the yield stress. A viscoplastic fluid flows only when the applied stress exceeds the yield stress of the fluid. Below the yield stress, a viscoplastic fluid behaves like a solid. Muds and clays, slurries and suspensions, heavy oils, avalanches, cosmetic creams, hair gel, hand cream, liquid chocolate, crystallizing lavas, certain polymer solutions, and some pastes are a few examples of viscoplastic fluid. 24 , 25 Balmforth et al. 26 have shown the importance of the study of viscoplastic fluids to understand various processes and applications in the natural and engineering sciences. An important category of viscoplastic fluids is known as the Bingham fluid which obeys the Bingham model. 27 The model is very popular for explaining the behaviour of many fluids exhibiting the yield-stress phenomena.
The flow of a Bingham fluid over a rotating disc has attracted some attention in the recent past. The mass transfer aspect in such flow has been investigated in Ref. 28 and a semi-analytical approach for predicting von Kármán's flow in a Bingham fluid, using von Kármán's similarity transformation for a Newtonian fluid, is presented in Ref. 29 . In the present paper, a rigorous and comprehensive analysis is presented on von Kármán's swirling flow in a Bingham fluid. Two complementary approaches have been developed-a semi-analytical formulation based on a newly proposed transformation and computational fluid dynamic (CFD) simulations. Many subtle and complex aspects of the flow-field have been revealed and discussed using both approaches. It is shown how the new transformation reduces to von Kármán's transformation as a limiting case, and how the new solutions for a Bingham fluid reduce to the solutions for a Newtonian fluid in the limit of zero Bingham number or infinitely large Reynolds number.
It is believed that the paper contains the first CFD solutions for the flow of a Bingham fluid above a rotating disc. The present CFD method is not restricted by some of the assumptions that are considered for the development of the semi-analytical technique. Hence, the CFD method seems to be more generic as compared to the semi-analytical technique. However, the semi-analytical technique provides a set of ordinary differential equations (ODEs) by which it is easier to analyse von Kármán's swirling flow in a Bingham fluid. Therefore, the first objective of the present work is to obtain rigorous and thorough solutions of the von Kármán's swirling flow in a Bingham fluid, using both analytical and computational methods. The second objective of the present study is to provide new fluid dynamic understanding that is developed in course of the present investigation. It has been shown here that von Kármán's swirling flow in a Bingham fluid exhibits non-similarity. Typical shapes of boundary layer surfaces for various Bingham numbers due to the non-similar velocity distributions are shown for the first time in this article. The Newtonian limits (when either Bn → 0 or Re → ∞) for the rotational boundary layer solutions in a Bingham fluid are introduced in this paper. Some subtle fluid dynamic aspects for von Kármán's swirling flow in a Bingham fluid have been critically explained.
II. MATHEMATICAL FORMULATION
In this section, the governing differential equations for the flow of a Bingham fluid above a rotating disc are provided. The equations are expressed in a cylindrical coordinate system. Figure 1 (a) shows a schematic of a rotating disc and a cylindrical coordinate system. r (radial), θ (azimuthal), and z (axial) are the three coordinates and o is the origin of the cylindrical coordinate system. The surface of the disc is located at z = 0 and, invoking symmetry, the solutions given in this paper are for z ≥ 0.
In the present study, the flow is considered to be steady, axi-symmetric, laminar, incompressible, and isothermal. Navier-Stokes equations in the cylindrical coordinate system under these flow-conditions 30 are as follows:
Equations (1)- (4) contain the partial derivatives of absolute tangential velocity V θ , absolute radial velocity V r , absolute axial velocity V z , pressure p, and components of stress tensor τ i j .
The boundary conditions for obtaining von Kármán's solutions 31 are as follows:
at z = 0, V r = 0, V θ = rΩ, and V z = 0 (5) as z → ∞, V r → 0, and V θ → 0.
In Equation (5), Ω denotes the rotational speed of a disc at a steady state. The governing Equations (1)-(4) and the boundary conditions (5)-(6) are applicable for Newtonian as well as non-Newtonian fluids. The difference between the various types of fluids is reflected in the expressions of the elements of the stress tensor τ i j in Equations (2)-(4). von Kármán's original solution was obtained for a Newtonian fluid. In the present work, we want to develop a similar analysis for a specific type of non-Newtonian fluid, viz. the Bingham fluid. The constitutive relation for a Bingham fluid flow 32 is given as follows: where τ y is the yield stress, e i j is the rate of deformation tensor, µ p is the plastic dynamic viscosity, η(γ) is the apparent viscosity, andγ (γ ≡  1 2 e i j e i j ) is the second invariant of the rate of deformation tensor. The physical significance of Equation (7) is that there is a threshold value of the applied stress, known as the yield stress τ y , below which a Bingham fluid does not exhibit any deformation-rate. Above the yield stress τ y , a Bingham fluid exhibits fluid-like behaviour such that the effective viscosity is a non-linear function of the rate of deformation tensor itself. For von Kár-mán's swirling flows, the rotation of the disc causes the establishment of the stress field in the fluid.
A. Non-dimensional variables
The results, given in this paper, are presented in terms of a few non-dimensional variables and parameters. Two important non-dimensional numbers for explaining the flow of Bingham fluid above a rotating disc are the Bingham number Bn and the Reynolds number Re, given by the following relations:
In Equation (9) , ν p denotes the plastic kinematic viscosity of a Bingham fluid. The Bingham number Bn represents the non-dimensional yield stress. The present theoretical study has been carried out for a range of Bn (from 0 to 50). The characteristics of laminar and turbulent flows, and, the transition from laminar to turbulent flow depend on the value of the Reynolds number Re. For a Newtonian fluid, the transition from laminar to turbulent flow occurs when Re is greater than 10 5 . 33 We could not find in the literature a similar limiting value as the critical Re for a Bingham fluid. In the present paper, only laminar flow has been studied. The maximum Re used in the present study is kept below 10 5 . For a particular Ω and ν p , Re increases with radius r. Therefore, the following relation shows that
√
Re, denoted as ℜ, can be interpreted as a non-dimensional radius:
The non-dimensional axial coordinate, ζ, is similarly defined by the relation
Three variablesV r ,V θ , andV z are used to denote the non-dimensional radial velocity, nondimensional tangential velocity, and non-dimensional axial velocity, respectively. The nondimensionalization forV r ,V θ , andV z is performed as follows:
III. CFD SIMULATION Figure 1 (a) shows the relevant fluid flow domain which is three dimensional. However, considering the axi-symmetry of the flow field, the present computation has been performed in a two dimensional geometry with appropriate equations for axi-symmetric flow. The two dimensional domain (i.e., OABR) for the computational study is represented in Figure 1(b) . RO is the surface of the disc. AB and BR represent fluid boundaries, respectively, at the top and at the edge of the disc. OA is a part of the axis about which the disc is rotating at an angular speed Ω. Steady state solutions are computed for fluids with various values of Bn.
A. Computational schemes
Equations (1)-(4) are solved by a commercially available CFD software Fluent 6.3.26. Two dimensional, steady, double-precision, pressure based, implicit solver is used. The velocity formulation is in the absolute frame of reference. Axi-symmetric swirl model 34 is utilized to calculate the tangential component of velocity V θ . The SIMPLE algorithm, with second order upwind scheme for momentum and 'Standard' scheme (pressure on the control-faces are obtained through interpolation of their corresponding cell-centre pressure values) for discretizing the pressure equation, are utilized. Under-relaxation factors for momentum (radial and axial components), swirl (tangential component), pressure, density, and body force are chosen as 0.7, 0.9, 0.6, 1, and 1, respectively. The convergence criterion for the maximum "scaled" residual 34 is set as 10 −7 . Equation (5), which is a no slip boundary condition, can be implemented directly in a CFD simulation. Also, a non-zero rotational speed Ω is set on the disc-surface (which is at z = 0). However, Equation (6) cannot be implemented directly in a CFD simulation. A sufficiently large but finite value of z is used to represent z → ∞. Pressure outlet boundary condition is used on the surface AB to represent the ambient condition where both V r and V θ asymptotically approach to zero. In the CFD, two additional boundary conditions are required. The first is an axis boundary condition which is set at AO of the computational domain OABR. The second is a pressure outlet boundary condition which is set at BR of the computational domain OABR.
B. Modeling a Bingham fluid in CFD simulation
It is difficult to implement the constitutive relation for a Bingham fluid, as given by Equation (7), in a CFD simulation. Moreover, one is restricted to the available options in the software.
The constitutive relation proposed by O'Donovan and Tanner 35 is therefore used in the present computations. According to O'Donovan and Tanner, the stress tensor τ i j of a Bingham fluid can be expressed as
Equation (13) represents a bi-viscosity model, where µ p is the plastic dynamic viscosity and µ y is the yielding viscosity. A bi-viscosity model is a viscosity regularisation method. Many advantages of a viscosity regularisation method are described in Ref. 36 38 which can be transformed into Equation (13) by considering the power-law index of Herschel-Bulkley model to be unity. The ratio µ y /µ p needs to be set at a large value. O'Donovan and Tanner, 35 while solving a squeeze film problem, had observed that for implementing Bingham fluid model effectively in a numerical study, the yielding viscosity should be 1000 times the plastic viscosity. In their recent study, Turan et al. 32 used the model of O'Donovan and Tanner 35 for studying natural convection in a square enclosure. The value of µ y /µ p used by Turan et al.
32 is 10 000. The value of µ y /µ p is set at 50 000 for the present study. The rationale for this choice is examined in the Appendix.
C. Geometry of the computational domain and grid independence test
The geometry of the computational domain and the computational grid are generated by the commercially available software GAMBIT 2.4.6. All computations for the present study are carried out in a particular computational domain. Theory 2 shows that the non-dimensional boundary layer thickness (δ ≡ δ/  ν p /Ω) for von Kármán swirling flow of a Newtonian fluid is 5.5. The present computations show thatδ increases with Bn. Hence, the ζ value for the boundary AB of the computational domain should be sufficiently larger than 5.5. The maximum value of ζ is therefore taken as 22. Similarly, the computational domain is extended to a sufficiently large value of ℜ so that the Newtonian limits for various Bingham fluids can be captured (this can be understood after reading the discussion of Section V F). However, an arbitrarily large value of ℜ cannot also be taken if laminar flow is considered (Section II A). The computational resources and required computational time also increase with increasing ℜ. As a balance between these opposite demands, the maximum value of ℜ is taken to be 270 in the present computations.
A grid independence test has been carried out (Table I showing a few pertinent details), and based on this study, a total 52 272 (363 × 144) mapped, quadrilateral computational cells are used for the results presented in this paper. The grids are distributed in the radial and axial directions in accordance with the difference in the flow physics in the two directions. The grid distribution in the axial direction is non-uniform with very small grid size close to the disc-surface (to capture the velocity gradient on the surface accurately) and with progressively larger grid size towards the boundary AB. In course of the present study, it has been found that, for a Bingham fluid, the flow field changes rapidly at small ℜ and slowly at large ℜ (discussed in Section V). In order to capture this effect properly, the grids in the radial direction are divided into two zones-non-uniform and uniform. From ℜ = 0 to ℜ = 163, non-uniform grids are used. Within this radial span, 300 grids are distributed with a successive ratio of 1.01. For ℜ > 163, the grid distribution in the radial direction is uniform and the grid size is equal to the size of the last computational cell of the non-uniform zone.
All three non-dimensional velocity components (V r ,V θ , andV z ) asymptotically attain a constant value for a sufficiently large value of ζ. At large ζ, bothV r andV θ become zero;V z , on the other hand, attains a constant negative value. This constant value forV z at a large ζ is denoted asV z (∞). Among several output parameters of the CFD simulations,V z (∞) is selected as a testing parameter for the grid independence test. The values ofV z (∞) for various grid distributions are reported in Table I . 39 is utilized for validating the present CFD solution in the limit Bn → 0. Figure 2 shows the axial variation of non dimensional velocity componentsV r ,V θ , andV z obtained from the present CFD simulations at Bn → 0. It can be observed that present CFD solution at Bn → 0 agrees well with the numerical solution given by Owen and Rogers. 39 This proves that the computational methodology, used for the present CFD simulations, is able to reproduce the classical solution of von Kármán swirling flow. The same computational methodology is also used for a Bingham fluid (Bn > 0). The only alternation required is in setting the properties of a Bingham fluid which are different from that of a Newtonian fluid.
IV. SIMPLIFIED SEMI-ANALYTICAL APPROACHES
In Section II, the governing equations [Equation ( (17)- (19) as Bn → 0; (•) numerical solution of Owen and Rogers. 39 ] Section III. In this section, a simplified semi-analytical approach is presented. Additional assumptions regarding the fluid flow field are needed for the semi-analytical approach. These assumptions are made by taking cue from von Kármán solution for a Newtonian fluid. It is assumed that, at a particular radius r, separation of variables can be applied to express both radial velocity V r and tangential velocity V θ (i.e., both V r and V θ can be expressed as a product of a radial function and an axial function). Furthermore, at a particular radius r, the radial function describing V θ is directly proportional to r. The axial velocity V z , at a particular radius r, is assumed to be a function only of z. The variation of radial, tangential, and axial velocities can be mathematically expressed as follows:
where
In Equation (15), the variable yn is introduced as a corrective yield number, the parameter m is a function of Bn and Re (i.e., of radius r), and the parameters c and n are considered to be constant. For this work, the most suitable values of c and n are determined by comparing the predictions of the semi-analytical formulation with numerous CFD simulations at various Bn. On the basis of such extensive comparison, the following values are recommended: c = 7.27 and n = 5. In Equation (14) , the expressions of V θ and V z are the same as given by von Kármán. 1 However, the radial function in the expression of V r (i.e., rΩ e −y n ) is different from the radial function considered by von Kármán (i.e., rΩ). For a Newtonian fluid (Bn = 0), Equation (15) shows that e −y n is equal to one. Hence, for a Newtonian fluid, Equation (14) totally corresponds to von Kármán's transformation that is V r = rΩ F(ζ), V θ = rΩ G(ζ), and
Unlike von Kármán's solution method, however, the radial variations of the functions F, G, and H for a Bingham fluid (Bn > 0) are to be determined, as described below.
The following relations for the non-dimensional velocity componentsV r ,V θ , andV z can be derived by using Equations (12) and (14),V r = e −y n F,
It is possible to transform partial differential equations (1)- (4) into ordinary differential equations by applying Equation (14) . Considering the fluid to be inelastic, the term (τ r r − τ θθ )/r in Equation (2) is neglected. Using Equation (16), these ordinary differential equations can be expressed in the following form:
2V rVθ +V zV
In Equations (17)- (19), the superscripts, single prime and double prime, denote ∂/∂ζ and ∂ 2 /∂ζ 2 , respectively. Λ,γ (non-dimensional second invariant of the rate of deformation tensor), χ 1 , χ 2 , and χ 3 are as follows:
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The expressions for m * and Λ * used in Equations (23) and (24) are given as
The ordinary differential equations for a Bingham fluid given above are based on Equation (14) . For Bn > 0, Equation (14) is different from von Kármán's transformation. It will be interesting to investigate what happens if one does not apply the factor exp(− yn) in Equation (14) . The non dimensional velocity components can then be expressed as follows:
It is to be realized that although Equation (27) used in this limiting theory for a Bingham fluid appears to be the same as that used by von Kármán for a Newtonian fluid, there is, however, an important underlying difference. In von Kármán's solution, the functions F, G, and H have the same values at all ℜ. This is not true in the present case. The radial variations of the functions F, G, and H are to be determined for a Bingham fluid as described below. To remind ourselves of this difference, we would refer to Equation (27) as the modified von Kármán's transformation in the rest of the paper.
Using modified von Kármán's transformation into the partial differential equations (1)-(4) and considering the fluid to be inelastic, the following set of ordinary differential equations is obtained:
The non-dimensional second invariant of the rate of deformationγ used in Equations (29) and (30) can be expressed as follows:
Equations (28)- (30), which are obtained here as a limiting case ( yn → 0) of our original formulation [Equations (17)- (19)], are similar to those of Ahmadpour and Sadeghy;
29 their solutions however contain several errors (one example being that the quantitative values given in their paper for the ζ-variation of the radial velocity at all non-zero Bingham numbers are erroneous; some of their equations also contain errors). The two sets of ODEs, Equations (17)- (19) and (28)- (30), are solved numerically for particular values of Re and Bn by using the boundary conditions as follows:
The following procedure is adopted for solving Equations (17)- (19) and (28)- (30) . At first, they are converted into a set of five first order ordinary differential equations involvingV r ,V θ ,V z , V Newton's method for simultaneous non-linear equations 40 is utilized for finding the roots of the boundary residuals in order to obtain the next guess forV
. This iterative procedure is repeated until the residuals become less than a very small value (a relative error of 10 −8 is used as the convergence criterion for the present work).
Present numerical solution of Equations (17)- (19) for Bn = 0 is validated with the numerical solution given in Ref. 39 Figure 2 shows that the ζ-variations ofV r ,V θ , andV z obtained from the present numerical solution of Equations (17)- (19) for Bn = 0 agree well with the ζ-variations ofV r ,V θ , andV z given by Owen and Rogers. 39 In Sec. V, solutions of Equations (17)- (19) have been compared with full CFD simulations for various values of Bn.
V. RESULTS AND DISCUSSION
Results from CFD simulations and semi-analytical approaches are presented and critically analysed here. In order to streamline the physical understanding, the analysis is grouped in seven sub-sections.
A. Velocity distributions
In the present work, the non-dimensional velocity components (V θ ,V r , andV z ) in the axisymmetric flow domain are calculated by three complementary but separate ways: (i) full CFD simulations and (ii) semi-analytical approach involving Equations (17)- (19) , and (iii) semianalytical approach involving Equations (28)- (30) .
Figures 3-5 show the axial (i.e., ζ) distributions ofV θ ,V r , andV z , respectively. This study is conducted at a moderate value of non-dimensional radius ℜ which corresponds to Re = 3000 (Equation (10) It can be observed from Figure 3 that, at all values of Bn, the ζ-distribution ofV θ obtained by Equations (17)- (19) agree well with that obtained by CFD simulations. The value ofV θ is greatest at the disc surface where it is equal to one.V θ decreases with increasing ζ, asymptotically approaching zero at sufficiently large ζ. When Bn increases, two major changes in theV θ -profile can be observed. First of all, the value ofV θ increases at all nonzero ζ. Second, with an increase in ζ, the rate of decrease ofV θ decreases. The physical implication of these two effects is that, with an increase in the Bingham number, the rotation imparted by the solid disc penetrates further up into the fluid. WhyV θ (at a particular non-zero value of ζ) increases with an increase in Bn can be explained in the following way. Consider a limiting case when Bn is very large (Bn → ∞). Then, the rotation of the fluid at the steady state (for finite ℜ) will be comparable to a solid-body rotation, thus acquiring the angular speed of the disc, Ω. The high effective viscosity at large Bn inhibits the decay of tangential velocity in the axial direction. Hence, when Bn increases, the decay of tangential velocity in the axial direction decreases.
The fluid above the rotating disc is pumped radially outward. The radial flow is a kind of secondary flow which is generated because of the centripetal acceleration. Figure 4 shows the axial variation of the non-dimensional radial velocityV r for a Bingham fluid. It can be seen that the (17)- (19): (△) Bn = 10, (♦) Bn = 30, (⃝) Bn = 50. All profiles correspond to Re = 3000.]
V r obtained by Equations (17)- (19) agrees well with theV r obtained by CFD simulation. At the disc-surface, the value ofV r is zero due to the no slip boundary condition. With an increase in ζ,V r attains a maxima near the disc surface and then decreases, and ultimately becomes zero. When Bn increases, three major changes in theV r -profiles can be observed. First of all, the maximum value of V r decreases. Secondly, the corresponding ζ, at which this maxima occurs, increases. Thirdly, after attaining the maxima, the rate of decrease ofV r with an increase in ζ decreases. As a consequence, V r -profiles corresponding to any two different Bn cross each other; this means thatV r is smaller for greater Bn in the region between the origin and the cross-over point whereasV r is greater for higher Bn when ζ is larger than the coordinate of the cross-over point. The underlying physics for this crossing over ofV r -profiles is as follows. There are two opposing forces acting on the fluid above (17)- (19):
Equations (28)- (30) for Bn = 50. All profiles correspond to Re = 3000.]
the rotating disc in the radial direction. These two are viscous force and inertial force. Near the disc-surface, the effect of the viscous force dominates over the inertial force. The effect of viscous force in radial direction is such that it opposes the radial outflow of fluid (at disc-surface, the radial velocity is zero). With an increase in Bn, viscous force increases. Hence, near the disc,V r decreases with an increase in Bn. When ζ increases, inertial force gradually overtakes the effect of viscous force. It has already been shown that at any particular Re, the non-dimensional tangential velocityV θ increases with an increase in Bn. The inertial force increases with an increase in tangential velocity. Therefore, when ζ is larger than the coordinate of the cross-over point,V r increases with an increase in Bn.
The axial flow (towards the disc) occurs to supply the fluid within the boundary layer which will otherwise be evacuated for continuous radial-outflow. Figure 5 shows the axial variation for the non-dimensional axial velocityV z of a Bingham fluid. It can be observed that theV z obtained by Equations (17)- (19) are in close agreement with theV z obtained by CFD simulations. The same figure also contains the solutions obtained by Equations (28)- (30) at Bn = 50 (results for only one Bingham number are included so that the clarity of the figure is not jeopardized). A significant discrepancy can be observed between the prediction of equations of (28)- (30) and the prediction of CFD, thus establishing the superiority of Equations (17)- (19) over Equations (28)- (30) . Figure 5 shows that the axial velocity is negative in the flow domain. It is so because the ambient fluid flows towards the disc. The magnitude ofV z decreases towards the disc and becomes zero at the disc surface because of the no penetration boundary condition. With an increase in Bn, the magnitude of V z at any particular ζ decreases (so long as ℜ is not too large). It is so because the net radial outflow [across a line connecting the points (ℜ, 0) and (ℜ, ζ)] decreases with an increase in Bn. Figure 6 shows the variation of three normalized velocity components (Ṽ θ ,Ṽ r , andṼ z ) with non-dimensional radius ℜ for Bn = 50. All variables are calculated by three methods: CFD simulations, predictions of Equations (17)- (19) , and, predictions of Equations (28)- (30) . Each component of velocity is normalized by its respective value at ℜ = 160 determined by CFD. Figures 6(a)-6(c) display, respectively, the tangential (Ṽ θ ), radial (Ṽ r ), and axial (Ṽ z ) components, all calculated at a particular ζ (ζ = 5).
It can be observed from Figures 6(a)-6(c) that the numerical solution of Equations (17)-(19) captures the ℜ-variation of all three velocity components and matches well with the full CFD simulations, including the complex variation at small ℜ. Figures 6(a)-6 (c) also demonstrate that (17)- (19); ( ) prediction of Equations (28)- (30) . All calculations correspond to Bn = 50. V θ , V r , and V z (obtained from the three methods at any ℜ) are normalized, respectively, with V θ , V r , and V z obtained by CFD at ℜ = 160.]
Equations (17)- (19) based on the transformation that is proposed here perform a lot better than Equations (28)-(30) based on modified von Kármán's similarity transformation. It may be remembered that Figure 5 also showed the superiority of the present formulation in predicting the ζ-variation of the velocity components. A subtle but striking feature of Figure 6 is that, although the correction factor exp(− yn) is applied only to the radial velocity componentṼ r (see Equation (14)), the prediction of all three velocity components (Ṽ r ,Ṽ θ , andṼ z ) by the semi-analytical approach improves significantly. The magnitude of the correction factor exp(− yn) is plotted in Figure 7 . With recommended values c = 7.27 and n = 5, Equation (15) completely prescribes the variation of yn as a function of Bn and Re.
B. A closed-form expression for the disc-torque
A constant torque has to be applied on the disc to maintain a steady rotational speed of the disc. The applied torque balances the resisting torque due to the viscous shear stress acting on the disc. Here, the torque is computed only on one side of the disc, the two sides being fluid dynamically symmetrical. Consider a segment from the disc-centre up to a radius r. The torque Γ r required to maintain a steady rotational speed of this disc-segment can be determined by integrating −2πr 2 [τ zθ ] z=0 dr as follows:
A non-dimensional moment coefficient C m, r can be defined for the disc-segment of radius r as follows:
According to the semi-analytical approach described in Section IV, [τ zθ ] z=0 can be written as
By Equation (21), γ z=0 can be expressed as
The superscript single prime denotes ∂/∂ζ of the variable. It would be a formidable mathematical task to derive a closed-form expression for C m, r simply by substituting various expressions of Equations (34), (36) , and (37) into Equation (35) . Therefore, a few approximations are made here, the validity of which has been assessed below by comparing the prediction of the so-derived closed-form analytical expression for C m, r and that from the full CFD simulation for C m, r . The radial variation in V ′ θ z=0
and V ′ r z=0 is neglected; their values at the disc periphery are assumed to apply over the whole disc surface. For simplification of notation, these peripheral values are denoted byV
One can then integrate Equation (34) by substituting Equations (36) and (37) into it. Then, by substituting the integrated expression of Γ r into Equation (35) 
For particular values of Bn and Re, Equation ( (17)- (19) , but the advantage of using Equation (38) is thatV ′ θ (0) andV ′ r (0) need to be determined only at one particular value of the radius that corresponds to the Reynolds number in question. Equation (38) produces the correct result for a Newtonian fluid in the limit Bn → 0. From Equation (38) , lim
Re which is the same result as given by Childs.
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The validity of the approximations involved in the derivation of Equation (38) is assessed by comparing its predictions with the values of C m, r obtained by full CFD simulation which is free of the approximations. Table II shows such a comparison for various Bn at Re = 200, Re = 3000, and Re = 20 000. It can be seen that Equation (38) predicts the values of C m, r with high degree of accuracy over a large range of Bn and Re.
Equation (38) shows that, for a particular value of Re, the value of C m, r increases with an increase in Bn. C m, r for a Bingham fluid (Bn > 0) depends on bothV ′ θ (0) andV ′ r (0), whereas C m, r for a Newtonian fluid is independent ofV ′ r (0). Equation (38) is new and has not appeared in the literature previously. The success of this equation is demonstrated in Table II . However, the mathematical derivation of Equation (38) There are two reasons for why Equation (38) works so well in practice. The first reason is that the radial variation of the ratioV
The second reason is that, in the analytical integration process, the torque contribution of an elemental circular strip is weighted by r 3 (see Equations (34) and (36)), hence the torque contribution from the peripheral region of the disc (over which the variation in the ratioV
C. Volume flow rate
The net volume flow rate, which is pumped by the radial outflow, is entrained into the boundary layer by the axial flow. Hence, on one side of a disc, the net volume flow rate can be expressed aṡ
whereQ r is the net volume flow rate through the curved surface of an infinitely long cylinder of radius r. The non-dimensional volume flow rate is defined aŝ
For a Newtonian fluid, [V z ] z→ ∞ in Equation (39) is independent of the local radius r. Thus, the integration can be performed analytically and results into the simple expressioṅ Figure 9 shows the variation ofQ r with Bn at three values of non-dimensional radius ℜ. At a fixed value of ℜ,Q r decreases with an increase in Bn. For Bn = 0, the non-dimensional volume flow rate attains the Newtonian limit (0.8845) at any radius. 
D. Streamlines
The steady state velocity fields in the axi-symmetric flow domain above a rotating disc are calculated by CFD simulations. Once the velocity field is known, the stream function can be calculated. A streamline represents a line along which the stream function has a constant value, and a tangent drawn at any point of a streamline represents the direction of the local velocity vector. Figure 10) are shown up to ℜ = 110. The radial locations for the start and end points of the streamlines are selected arbitrarily for illustrating certain features. Two characteristics which are common in the shape for all the streamlines are as follows.
1. At large ζ (that is far from the disc-surface), the streamlines are approximately parallel to the axis of rotation. 2. At small ζ (that is near the disc-surface), the streamlines are spiral-shaped.
There are fluid dynamic reasons behind such shape of the streamlines. At large ζ, the axial velocity component is the only nonzero component of the velocity vector (because both radial and tangential velocity components asymptotically approach to zero at large ζ). Therefore, there the streamlines are parallel to the axis of rotation. Near the disc, the three components of velocity vector exist simultaneously. The streamlines are deflected radially outward due to the radial velocity and the streamlines are deflected in circumferential direction due to the tangential velocity. These two deflections result into streamline bending (see Figure 10 ). The spiral shape is attained because of the simultaneous existence of both radial and tangential components. The end of the spiral always shifts towards the disc due to the negative value of axial velocity. Thus, near the disc-surface, the streamlines take a conical helix shape. Figure 10 (b) (for Bn = 50) shows that a fluid streamline close to the disc-surface makes more number of complete turns around the axis of rotation. This is so because the radial velocity close to the disc-surface is much lower in the Bingham fluid as compared to the Newtonian fluid, whereas the tangential velocity is of comparable magnitude (slightly greater for a Bingham fluid) in the two cases [see Figures 3 and 4] .
The values of ζ at ℜ = 110 for all streamlines shown in Figure 10 are mentioned in the figure caption. ℜ = 110 is selected as the end location for all streamlines only for illustrative purposes. For both Newtonian and Bingham fluids, it can be observed that the ζ-value at ℜ = 110 increases when a streamline starts from a greater value of ℜ. For example, at ℜ = 110, the ζ-value of the streamline which originates at ℜ = 10 is less as compared to the ζ-value of the streamline which originates at ℜ = 50, i.e., the vertical displacement of a fluid particle is less in the second case (for steady state, a streamline is the same as a pathline). These results may, at the first glance, seem to be inconsistent with the fact that the magnitude of axial velocity increases with an increase in ℜ as shown in Figure 6 (c). The paradox regarding why the vertical displacement of a fluid particle, which moves with a greater axial velocity (in the ζ-direction), would be lower can be resolved when one considers that the time taken by the two fluid particles to reach the final location at ℜ = 110 is not the same. A fluid particle which follows the streamline starting from ℜ = 10 takes more time to reach at ℜ = 110 as compared to a fluid particle which follows the streamline starting from ℜ = 50. The time, which a fluid particle needs to reach at ℜ = 110, depends on the radial distance and average radial velocity ( Figure 6(b) shows that the radial velocity increases with radius). Greater radial distance and smaller average radial velocity are the causes for which a fluid particle starting from ℜ = 10 requires more time to reach at ℜ = 110.
E. Non-similar solutions versus self-similar solutions
The classical solution given by von Kármán for the flow of a Newtonian fluid above a rotating disc exhibits similarity. For the existence of similarity, the axial variations of the non-dimensional velocity-components are independent of Re (in this paper, flow is considered to be laminar). The present study shows that similarity does not hold for the flow of a Bingham fluid above a rotating disc. The differences between the non-similar solution of a Bingham fluid and the self-similar solution of a Newtonian fluid are shown in this section. Figure 11 shows the axial variations of non-dimensional radial velocity (V r -profiles) for Newtonian and Bingham fluids over a large range of non-dimensional radius ℜ. Figure 11 The flow field is axi-symmetric in both cases; therefore, it is possible to obtain surfaces of revolution by integrating theV r -profiles. For a Newtonian fluid, theV r -profiles over a large range of ℜ superpose on one another due to the existence of similarity. This results into a single surface of revolution. Figure 11 (a) shows that this surface of revolution takes a top-like structure. For a Bingham fluid, thê V r -profiles over a large range of ℜ does not superpose on one another because of non-similarity. This results in the existence of many surfaces of revolution over a range of ℜ. Figure 11(b) is composed of four such surfaces of revolutions. The surfaces are at ℜ = 5, ℜ = 30, ℜ = 60, and ℜ = 110. Figure 11(b) shows that a combination of the surfaces can be represented as an onion-like structure in which each surface is a shell of this onion (though at large ζ, the surfaces may cross).
The non-similarity in the flow-field of a Bingham fluid can be examined with another example. Figures 12(a) and 12(b) show the distributions of non-dimensional axial velocity (V z ) for a Newtonian fluid (Bn = 0) and for a Bingham fluid (Bn = 50), respectively, obtained by CFD.
For a particular ζ, a Newtonian fluid shows no change inV z over a large range of ℜ due to the existence of similarity. The computedV z is found to be a function only of ζ and not of ℜ, as was the case in von Kármán's solution. The iso-V z surfaces of Figure 12 (a) are all parallel to the ℜ-axis, demonstrating the accuracy of the CFD simulations. This monolithic simplicity of the iso-V z surfaces of Figure 12 
F. Limiting behaviours of the solutions and exploration for possible scaling
For a Newtonian fluid, Bn is zero. Equations (17)- (19) take the following form in the limit Bn → 0: 2V r +V
The single and double prime signs in Equations (41)- (43) (17)- (19) either when Bn → 0 or when Re → ∞. We could not find any of the previous literature mentioning the implication of the limit Re → ∞ for a Bingham fluid.
Thus, a Bingham fluid (for any positive but finite value of Bn) shows Newtonian behaviour at Re → ∞. The mathematical infinity can, in practice, be replaced by a finite number which depends on the value of Bn. It can be shown from Equations (17)- (19) that the value of this finite number increases with an increase in Bn. When Bn tends to zero, a Bingham fluid becomes Newtonian at very small Re.
A few additional considerations would be relevant here. First of all, replacing the mathematical infinity (Re → ∞) by a large but finite value of Re is also consistent with the requirement that for a laminar analysis to remain valid, the Reynolds number must be below the transition value (about 10 5 for a Newtonian fluid). Secondly, the physical implication of Re → ∞ is not that viscous stresses are negligible with respect to inertial terms and consequently there is no discernible difference in the behaviour of a Bingham and a Newtonian fluid (since their difference lies in the quantification of the viscous term). It should be realized that both von Kármán's original formulation and the present formulation deal with rotational boundary layers inside which the viscous stresses are not negligible. That the viscous stresses do not vanish can be mathematically appreciated from the fact that in the limit Re → ∞ for a Bingham fluid, the right hand sides of Equations (42) related to the ratio of inertia to yield stress τ y . For finite Bn, the condition Re → ∞ implies that Re/Bn → ∞. This means that, as compared to the inertia, the effect of the yield stress becomes negligible. The fluid behaviour then simply can be modelled by an equivalent Newtonian fluid with viscosity equal to µ p . This interpretation also implies that as Bn increases, the convergence with Reynolds number, of the Bingham solutions to the Newtonian solution, would be slow. The Newtonian limit for a Bingham fluid can also be demonstrated with the results of the present CFD simulations. At Bn = 10, the axial variation ofV r for various values of ℜ are calculated from CFD simulations. Figure 13 shows these calculatedV r -profiles. The same figure also shows the uniqueV r -profile corresponding to a Newtonian fluid. ζ is plotted as the ordinate so that the vertical sense is retained for easy physical interpretation. The ζ vs.V r profiles for a Bingham fluid are different for different values of ℜ, whereas the ζ vs.V r profile for a Newtonian fluid is independent of ℜ. It is to be remembered that, for the rotating disc problem, Equation (10) shows that the non-dimensional radius and the Reynolds number are connected through the relation
With an increase in ℜ, the progressive development of theV r -profiles of Bingham fluid towards the unique Newtonian-V r -profile can be observed in Figure 13 . Figure 13 shows that theV r -profile corresponding to a particular ℜ has a maxima. In this paper, the maximum value ofV r is denoted asV r, max . The value of ζ corresponding to aV r, max is denoted as ζV r, max . It can be seen from Figure 13 that, for a Bingham fluid, bothV r, max and ζV r, max vary with ℜ. For a Newtonian fluid, von Kármán's solution shows thatV r, max = 0.1808 and ζV r, max = 0.93, and that these values do not depend on the radius. The present CFD solutions also produce exactly the same results for a Newtonian fluid, thus lending further support to the accuracy of the present computations.
In order to understand howV r, max and ζV r, max vary with ℜ for a Bingham fluid, the results of many CFD simulations have been post-processed to extract the variations ofV r, max and ζV r, max with ℜ. The outcome of these computations has been displayed in Figures 14 and 15 . The figures additionally provide graphical demonstration of the newly enunciated physical principle that all Bingham fluids (with finite Bn) behave like a Newtonian fluid at sufficiently large values of Re. Figure 14 showsV r, max versus ℜ for various values of Bn. The same figure also shows the Newtonian limit forV r, max (0.1808) that is the maximum possible value ofV r, max for the flow of a Bingham fluid above a rotating disc. As ℜ increases, for a particular Bn,V r, max at first (in a region close to the axis of rotation) decreases and then onwards increases, the rate of increase of V r, max decreasing with ℜ. For a particular ℜ,V r, max decreases with an increase in Bn. Figure 14 clearly shows that the curve (ofV r, max -ℜ) corresponding to Bn = 1 asymptotically approaches the Newtonian limit forV r, max . Figure 14 also shows that with an increase in Bn, theV r, max -ℜ curves will attain the Newtonian limit at a greater value of ℜ. Figure 15 shows the variation of ζV r, max (non-dimensional axial coordinate corresponding tô V r, max ) with respect to ℜ for various Bn. The Newtonian limit for ζV r, max , as shown in Figure 15 , is 0.93. As ℜ increases, for a particular Bn, ζV r, max generally decreases, the rate of decrease of ζV r, max decreasing with ℜ. For a particular ℜ, ζV r, max increases with an increase in Bn. It can be observed how the ζV r, max vs. ℜ curve corresponding to Bn = 10 asymptotically approaches the Newtonian limit. [The curve corresponding to Bn = 1 reaches the Newtonian limit at a smaller value of ℜ; but the curve is not shown in this figure for avoiding data congestion.] A comparison between Figures 14 and 15 shows that, corresponding to a particular Bn, the Newtonian limit for ζV r, max is reached at a lower value of ℜ as compared to the radial location where the Newtonian limit forV r, max is reached. As an example, for Bn = 10, Figure 15 shows that the Newtonian limit for ζV r, max is nearly reached at ℜ = 160, but Figure 14 shows that the Newtonian limit forV r, max will be reached at much greater value of ℜ. If one studies the locus of ζV r, max in Figure 13 vis-à-vis the approach ofV r, max towards their respective Newtonian limits, then also it becomes clear that, along the ℜ axis, ζV r, max reaches the Newtonian limit beforeV r, max does so.
We explored the idea whether it is possible to define a composite non-dimensional number involving Bn and Re such that new scaling of solutions would be possible. Our efforts to find any direct utility of the simple ratio of Bn and Re failed since strong non-linearity is present in the variation of Bingham solutions with Bn at a fixed Re or vice versa. Taking cue from Equation (15), we therefore tried to discover any special physical meaning of the non-linear combination Re m /Bn in unifying the various curves contained in Figures 14 and 15 . This effort has met with partial success, the outcome is depicted in Figure 16 .
G. Representation of the boundary-layer surface
It has been discussed in Section V A thatV θ (non-dimensional tangential velocity) is maximum at the disc-surface where it equals 1;V θ decreases with an increase in ζ, and far from the disc,V θ asymptotically approaches to zero. As per convention, 2 a boundary-layer thickness is defined to be the axial distance away from the rotating disc at whichV θ equals 0.01. The axi-symmetric surface, which corresponds toV θ = 0.01, is referred in the present study as the boundary-layer surface. The boundary-layer surfaces are calculated by using CFD over a large range of ℜ. Figure 17 shows boundary-layer surfaces for various Bn (Bn equals 0, 10, 30, and 50). Figure 18 shows the finer details of the shape of the surfaces at low value of ℜ (i.e., close to the axis of rotation). It can be observed that, in contrast to what happens in a Newtonian fluid,δ for a Bingham fluid is a complex function of ℜ. Although the boundary-layer thickness generally increases with a decrease in ℜ when ℜ is relatively large (Figure 17 ), it eventually decreases as one approaches the axis of rotation (Figure 18 ). The subtle behaviour close to the axis of rotation is not perceptibly captured on the scale used for Figure shows that when ℜ is greater than 100, the boundary-layer surface takes a disc-like shape, and δ approaches to 5.5 (Newtonian limit). The shapes of the boundary layer surfaces shown in Figures 17(b)-17(d) are related to the corresponding morphology of the unyielded zone.
A possible explanation for the increase ofδ with a decrease in ℜ, as shown in Figures 17(b)-17(d) , is as follows. Consider two fluid particles at ℜ 1 and ℜ 2 on a particular ζ-plane above a rotating disc. Suppose ℜ 2 is greater than ℜ 1 . For a Newtonian fluid,V θ is independent of ℜ due to self-similar solution. So, for a Newtonian fluid,V θ at ℜ 1 (V θ,1N ) andV θ at ℜ 2 (V θ,2N ) are equal, and an iso-ζ plane is equivalent to an iso-V θ plane. However, for a Bingham fluid,V θ at ℜ 1 (V θ,1B ) is not equal toV θ at ℜ 2 (V θ,2B ) because of non-similarity. Now, consider an ℜ 2 which is substantially large. According to Section V F,V θ,2B tends toV θ,2N . Figure 3 shows thatV θ at a particular ℜ increases with an increase in Bn. When ℜ 1 is not large,V θ,1B will be greater thanV θ,1N (or correspondingly greater thanV θ,2N ). Therefore, for a Bingham fluid, to obtain an iso-V θ -plane which passes through the coordinate of the second particle, ζ-coordinate of the first particle needs to be varied such thatV θ decreases. Figure 3 shows thatV θ decreases with an increase in ζ. Hence, to obtain an iso-V θ -plane, ζ of the first particle should be greater than ζ of the second particle. Figure 18 shows peculiar shapes of the computed boundary-layer surfaces obtained for small ℜ (of the order of 10). It can be observed that for small ℜ, the boundary-layer thickness decreases, instead of increasing, with a decrease in ℜ. Thus, at any Bn, a maxima forδ is observed. Figure 18 shows that the location of the maxima shifts to greater ℜ when Bn increases. Nonlinearity of tangential velocity in the radial direction is the cause of the typical shape of the boundary-layer surfaces. The solutions obtained from both the CFD simulation and the semi-analytical model exhibit nonlinearity in the radial direction when Bn is greater than zero. At this point, it should be mentioned that the nonlinearity of the velocity-components in the axial direction is common to both Newtonian and Bingham fluids.
Our objective is to produce accurate solutions. One needs to be particularly careful while obtaining solutions close to the axis of rotation. Other than comparing the CFD and analytical solutions, we have taken a number of special steps to ensure the accuracy. A proper grid independence study is conducted (Section III C) and a stringent convergence criterion is specified (Section III A) in which the limit for the maximum residual for all conserved variables is set at 10 −7 (which is smaller than that in many reported studies in CFD). Secondly, we set a critical query regarding what happens to the axial velocity V z exactly at the axis of rotation and whether the 'axis boundary condition' of Fluent reproduces that correctly; the summary of the affirmative findings is given in the Appendix. Thirdly, we wanted to ensure that our solutions, particularly that close to the axis of rotation, are not dependent on our choice of µ y in the bi-viscosity model (see Section III B where we have set the value of µ y /µ p to 50 000 for all computations reported in this paper). The Appendix contains the summary of a systematic sensitivity study and provides the justification for our choice of µ y . 4. The fluid elements at the disc surface rotate with the angular speed Ω of the disc (no slip). The angular velocity of the fluid elements above the disc is not a function of r and decreases with z (thus becoming zero at z → ∞).
4. The angular speed of fluid elements Ω fluid is a function of both r and z. At a fixed r , Ω fluid decreases from Ω surface to zero as z changes from 0 to ∞. At a fixed z, Ω fluid tries to be close to Ω surface as r → 0 and shows complex variation with increasing r .
5. Axi-symmetric surface representing the boundary layer is sheet-like and parallel to the disc. See Figure 17 (a).
5. Axi-symmetric surface representing the boundary layer forms hat-like shape with complex three-dimensional shape near the disc-centre. The hat-like shape can be seen in Figures 7. The analytical expression for non-dimensional moment coefficient for a Bingham fluid as deduced here in Equation
8. Equations (41)-(43) govern the flow. Equations (41)-(43) are obtained using von Kármán's similarity transformation i.e., V r = r Ω F(ζ), V θ = r Ω G(ζ) and
8. Equations (17)- (19) govern the flow, validated against results of full CFD simulations. Equations (17)- (19) are deduced using Equation (14) , the transformation proposed in the present paper. The present work has established that Equations (41)-(43) are obtained from Equations (17)- (19) either when Bn → 0 or when Re → ∞.
H. Newtonian fluid versus Bingham fluid
Some major differences and similarities between the flow of a Newtonian fluid and the flow of a Bingham fluid above a rotating disc, deduced in the present investigation, are brought together in Table III for ready reference.
VI. CONCLUSION
The Bingham fluid flow above a rotating disc has been investigated rigorously in three complementary but separate ways: (i) full CFD simulations and (ii) semi-analytical approach involving Equations (17)- (19) , and (iii) semi-analytical approach involving Equations (28)- (30) . In the CFD simulations, partial differential equations (1)-(4) are solved; whereas in the semi-analytical approach, ordinary differential equations (17)- (19) are solved. Equations (17)- (19) are obtained by simplifying Equations (1)- (4) invoking several assumptions and a new transformation law (Equation (14)). It is shown here that all three components of the velocity-field obtained by the semi-analytical approach are well-matched with the velocity-field obtained in the CFD simulations. Present deductions demonstrate that the new transformation law reduces to von Kármán's transformation as a limiting case ( yn → 0) and Equations (17)- (19) give rise to another set of ordinary differential equations (28)- (30) . Figure 6 shows a comparison among the CFD solutions, numerical solutions of Equations (17)- (19) and numerical solutions of Equations (28)- (30) . It has been observed that the predictions of the full CFD simulations are better estimated by Equations (17)- (19) than by Equations (28)- (30) . Moreover, the present paper provides a closed-form analytical expression for predicting the non-dimensional moment coefficient C m, r (Equation (38) ) which works well in comparison with values obtained by the full CFD simulations, as shown in Table II .
Some important fluid dynamic aspects can be observed in Figures 3-5 which show, respectively, the axial variations ofV θ ,V r , andV z at a moderate value of Re (Re = 3000) for various Bn. At a fixed Re, theV θ is maximum at the disc-surface (this maximum value is one) and asymptotically becomes zero at large ζ; the V z is zero at the disc-surface and asymptotically attains its maximum at large ζ; theV r is zero at the disc-surface and asymptotically becomes zero again at large ζ. In between, ζ = 0 and ζ → ∞,V θ decreases; V z increases; andV r first increases to attain a maximum value and then decreases. With an increase in Bn, the maximum value in theV r -profile decreases; the ζ-value corresponding to the maximumV r increases.V r -ζ profiles corresponding to any two Bn undergo a crossover. The decrease of maxima, the shift of maxima, and the crossover occur because of the effect of two opposing forces, viz. viscous force and inertial force. Some other important effects due to an increase in Bn (at a given Re and ζ) are the increase ofV θ and the decrease of V z . The net radial outflow decreases due to the decrease of V z . Figure 10 shows the differences in the characteristics between the streamlines in a Newtonian fluid flow and the streamlines in a Bingham fluid flow. For a Bingham fluid, a streamline close to the disc-surface makes more number of complete turns around the axis of rotation. This is so because the radial velocity close to the disc-surface is much lower in the Bingham fluid as compared to the Newtonian fluid, whereas the tangential velocity is of comparable magnitude in the two cases.
The present study shows that self-similarity does not hold for the flow of a Bingham fluid above a rotating disc. The differences between the self-similar solution of a Newtonian fluid and the non-similar solution of a Bingham fluid are illustrated by two examples as given in Figures 11  and 12 . Figure 11(a) shows that for a Newtonian fluid, the ζ -profiles ofV r at various ℜ are all superposed on one another. As a result, the surfaces of revolution obtained from the ζ− profiles of V r form a top-like structure. On the other hand, Figure 11 (b) shows that for a Bingham fluid, the ζ− profiles ofV r at various ℜ do not superpose resulting into an onion-like structure. Figure 12(a) shows that for a Newtonian fluid, the contours of constant non-dimensional axial velocity on ℜ-ζ plane are parallel lines to the disc. On the other hand, Figure 12 (b) shows that for a Bingham fluid, the contours of constant non-dimensional axial velocity on ℜ-ζ plane form complex pattern.
Two limiting cases, viz. Bn → 0 and Re → ∞, are considered. The present results show that the Bingham fluid solution progressively approaches von Kármán's solution for a Newtonian fluid as the Bingham number is progressively reduced to zero (Bn → 0). It is also established here that, for finite values of Bn, the Bingham fluid solution progressively approaches the von Kármán's solution for a Newtonian fluid as the non-dimensional radius and Reynolds number increase. The higher the value of Bn, the higher is the required value of Re at which convergence with the solution for Newtonian fluid occurs. It is shown in Figures 13-15 thatV r, ma x and ζV r , ma x for a Bingham fluid asymptotically approach to their corresponding Newtonian limits when Re is sufficiently large. A comparison between Figures 14 and 15 shows that, corresponding to a particular Bn, the Newtonian limit for ζV r, ma x is reached at a lower value of non-dimensional radius ℜ (ℜ = r/  ν p /Ω = √ Re) as compared to the radial location where the Newtonian limit forV r, ma x is reached. With an increase in ℜ, the progressive development of the boundary layer surfaces for various Bn is captured in Figures 17 and 18 . For a Newtonian fluid, the boundary layer surface is flat and sheet-like, whereas for a Bingham fluid, the boundary layer surface is hat-like (excluding the region near disc-centre where the boundary layer surface for a Bingham fluid forms complex three-dimensional shape; see Figure 18 ). Figure 17 
"Axis boundary condition" of Fluent
We implemented the "axis boundary condition" to reduce computational time since a large number of separate simulations were needed for the present study. In order to determine whether this boundary condition can produce accurate solutions, particularly very close to the axis of rotation, full three-dimensional computations were also undertaken for a Newtonian fluid and for representative Bingham numbers. These further computations showed that there is no discernible difference between the solutions of these carefully conducted full 3-D solutions and that reported in this paper.
Since obtaining the correct value of the axial velocity at the axis of rotation would be a critical test for the "axis boundary condition," only the ζ-profile ofV z at the centre of the disc is shown in Figure 19 .
For brevity, only the comparison for a Newtonian fluid is shown. It can be seen that the computed results with 'axis boundary condition' agree well with the full 3-D computational results and von Kármán's analytical solution. 
